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STSM purpose: The goal of this short term scientific mission is for the applicant to broaden knowledge in self-mixing interferometry in terahertz

(THz) quantum cascade lasers (QCLs), and boost collaboration with the host, on the subject of application of this technology in medical imaging

and chemical sensing. The applicant is designing a fully dynamic model for QCLs as part of his PhD thesis. At the moment, models for QCL

physics under feedback are only capable of modeling steady - state operation without coherent transport contribution, while the applicant's model

promises ability to model full coherent QCL dynamics under feedback as first of its kind, on the other hand host's group represents the leading

experimental group for self-mixing interferometry, thus this visit will be beneficial to both ends. The visit will focus on the further refinement of

the model with the final aim to design THz QCL heterostructures for validating experimental results and to propose novel structures which are

expected to give optimal performance useful for imaging and sensing applications. After the mission is completed it is envisioned that upon

experimental confirmation of optimized structures we would have optimized set-up for the particular imaging/sensing application.

Description of the main results obtained:

1. Introduction

Bound-to-continuum (BTC) THz QCL structure is commonly used in applications where reasonably low threshold current is
needed in order to achieve continuous-wave (CW) operation. BTC QCL has large number of quantum well and barrier layers in
one active region period and corresponds to substantial number of quantum-confined subbands involved in electron transport,
therefore development of proper theoretical model for electron transport in it is a challenging task.

Two models have been developed in School of Electronic and Electrical Engineering at University of Leeds so far. Full rate
equation (RE) approach, where all relevant electron states are considered, and used to derive detaile information about the
intersubband transitions, with the dependencies of scattering processes upon lattice temperature and external bias (terminal
voltage) in semi-classical treatment. Density matrix approach (DM), where transport within the QCL device is treated through
quantum mechanics and this provides more reliable results then RE.

Main shortcoming of RE model is the inability to describe coherent effects in QCL which in simulation results in formation
of unphysical spikes in current density, material gain and state populations profile. On the other hand DM model yields smooth
output profiles and shows promise for various applications.

Self-mixing interferometry (SM) needs to take into account the light that returns to the laser cavity after a reflection on the
target [1]. This results in terminal voltage oscillations which hold the information of target’s properties, thus it is possible to
obtain source and the detector within the same device. Physical modeling of this effect is treated through Lang-Kobayashi model
[2] and the only model that currently exists in the literature for QCLs is Reduced Rate Equation (RRE) model [3], developed by
the School of Information Technology and Electrical Engineering, University of Queensland, Brisbane (Australia). This model
focuses on two states in the QCL period that perform the lasing and it is naturally coupled with the full RE approach from which
it needs input information. The main difficulty during the modeling is highly non-linear data with presence of high number of
unphysical points. This issue was addressed through manual removal of unwanted data and polynomial fitting procedures in order
for RRE model to provide sensible set of the results. Such modeling technique naturally holds the possibility of losing some
physical effects in the model and it also raises the need for extensive input data processing.

During this STSM, RRE model was improved by generating the input data from DM model and formation of unphysical
spikes and a need for their removal and polynomial fitting was completely avoided.



2. Density matrix model

Density matrix model is formulated through consideration of the transport within the nearest neighbor approximation. Central
QCL period (CC) interacts with upstream period (UU) and downstream period (DD), interactions within the CC, UU and DD
periods are treated in semi-classical manner (through Fermi’s golden rule) which is the case in RE model as well, but interperiod
transport is treated in coherent quantum mechanical manner where it is assumed that under resonant condition, transport through
the injection barrier is not instantaneous and it can be described through oscillation at Rabi’s frequency. It should be noted that
this 3 period structure contains the periodic symmetry of QCL device and that interaction between UU and CC periods will be the
same as interaction between CC and DD periods, and vice versa. Implementing this symmetry beforehand results in the
Hamiltonian and density matrix of the form:
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in which the block subscripts describe interaction terms between the central (C), upper (U) and lower (D) periods. The off-
diagonal elements correspond to the coupling between the periods labeled by the corresponding indices. It also applies

ܪ = ܪ + ,ܮ݁ܭ ܪ = ܪ − ܮ݁ܭ where ܭ is the applied external bias, and ܮ is the length of the single QCL period.
Central period Hamiltonian consists of single module tight binding energies on the main diagonal and optical field interaction is
added through dipole approximation where ܼ is dipole matrix and (ݐ)ܧ is optical electric field. It applies that ܪ = ்(ܪ) and
this matrix is filled with Rabi coupling terms, calculated as in [4]. In (1) ܪ and ܪ are given for the case when 3 states are
considered within the period. The model is extendable to arbitrary number of states in the module.

Scattering processes are added in the form ߬/ߩ and overall matrix form looks similar to ܪ and .ߩ� Full discussion on this
model can be found in [5,6,7]. Transport process in DM is presented in Fig. 1.

Figure 1. Phenomenological illustration of DM model and interactions that occur. Intraperiod scattering (red arrows) is
treated in semi-classical approach, while interperiod transport (black arrows) is treated as coherent tunnelling with Rabi
coupling Ω energy and dephasing time |߬|

.

The Hamiltonian, corresponding density matrix and scattering matrix are all substituted in the equation of motion (Liouville
equation):
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Note that substitution of 3-period Hamiltonian and density matrix into (2) does not fully implement periodic boundary
conditions of the system (even though we implemented the symmetry of the system beforehand). In order to formulate the nearest
neighbor approximation, infinite Hamiltonian structure and density matrix needs to be substituted into the Liouville equation, and
this needs to be considered in the derivation of the output from the model as presented in [7].

Equation of motion therefor breaks down to the system [7]:
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where we switched to numerical indices (CC = 1, UC = 2 and CU = 3). This system has 3 unknown matrices, each with ܰଶ

unknown elements (where ܰ is the number of considered states in the single QCL module). Since the unknown matrices are part
of commutators, direct linearization is not possible. Mathematical approach to write this system in linear form is to linearize each
commutator in the system separately. Mathematically, this is performed through Kronecker tensor product ⊗, and a commutator
[ߩ,ܪ] → ߩܮ

ᇱ linearizes as =ܮ ⊗ܪ −ܫ ⊗ܫ ܪ
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ᇱ is column vector of ܰଶ elements which are taken row-wise from
the original unknown matrixߩ and ܮ is the system matrix of ܰଶ × ܰଶ size.

We can avoid time domain solution of this system by non-rotating wave approximation (nRWA) where each unknown in the
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Central block is the only block that has AC parts and this simplifies the overall system. This approximation causes (3) to expand
to 9ܰଶ × 9ܰଶ system. Even though the system is extensive, its numerical implementation is more efficient than RE and provides
the ability for generalization of the model for multi-mode operation or self-mixing.
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considering harmonic response of the DM terms to a light field (ݐ)ܧ = ܣ
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density. The main expressions for DM output are:
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Terms in (4) for ݆ calculation are also present in the first equation of the system in (3) and ݆ can be therefor represented
through the scattering part of (4), it can be shown that:

݆ =
݁

ܮ
ቌ  ݊ቆ

ܼ− ܼ

߬
ቇ

ஷ

+   ܼ

ଶ݊ߩଵ




|߬|
ஷ

ቍ +
݅݁ ଶ݊

ћ
ଷߩଶܪ)ݎܶ

 − ଶߩ
ܪଷ) (5)

The first term in (5) represents the expression for calculation of current in RE approach, the difference from DM lies in the
fact that in RE ߬ represents all scattering rates in the systems, both interperiod and intraperiod, while in DM ߬ are only

intraperiod scattering rates, while interperiod transport is treated through Rabi coupling strengths (contained in (ଶ/ଷܪ and

dephasing times, as depicted in Fig. 1.

3. Numerical results

In this STSM, analyzed BTC QCL structure is designed for 2 THz emission and based on design presented in [8]. Fig. 1
shows the band structure diagram, calculated using the full self-consistent Schrödinger–Poisson energy balance scattering
transport method [9,10].

Figure 2. Layer thicknesses for analysing BTC QCL design, starting from the injection barrier (until dotted horizontal

line), are 4.8/15.03/1.0/11.54/0.99/13.82/2.3/14.53/2.5/12.54/2.9/11.78/3.0/11.4/4.2/11.97 Al0.1Ga0.9As barriers are shown

in bold and wells doped at 1.3 1016 cm−3 are underlined. Two periods are presented along with corresponding
wavefunctions, applied electric field is 1.64 kV/cm.



In our modeling procedure we use 3 fitting parameters in order to compare our results with the experimental data:
total loss in the laser cavity, interface roughness (IFR) scattering parameters and contact resistance.

Cavity loss directly determines the lasing threshold and this can be estimated by various waveguide models. In this work we

use 1-dimensional transfer matrix calculation of waveguide modes, with Drude-Lorentz model for permittivities, as described in

[11].

The IFR parameters are not experimentally known, and can vary from structure to structure. This brings the need for

additional sweeping of these parameters in the simulation and the optimal values depend on the fitting goals: obtaining threshold

fit, peak power fit or roll over fit (ideally the entire I-V and L-I fit).

Contact resistance parameter can significantly shift I-V characteristics and approximate values can be obtained

experimentally. Typical values are several Ohms [12].

For the device in Fig 2. we used model from [11] to estimate the losses to 32.42 ܿ݉ ିଵ in pulsed operation at cold finger

temperature of 20 K. The design in Fig. 2 has the experimental dynamic range of 0.837 - 1.08 A and IFR parameters are found to

match threshold current assuming a cavity loss of 32.42 ܿ݉ ିଵ, this is illustrated in Fig. 3. Then we search for the value of

contact resistance that fits the experimental data, this is estimated to 2.15 Ω. 

Figure 3. Density matrix model I-V characteristics for various values of interface roughness height ∆ூிோ interface

roughness correlation length was set to =ߣ .̇ܣ�80 Contact resistance of 2.15 Ω is also included. Inset shows the I-V
results without the contact resistance. L-I results are also presented for every ∆ூிோ accordingly and normalized to unit value.

Figure 3 shows that ∆ூிோ= ̇ܣ�2.02 gives the desired dynamic range for DM model. Interestingly, this value will not be the same in RE
model due to the differences in intraperiod transport. RE fitting procedure relies only on fitting the threshold point. We found that the
lasing threshold will occur for ܭ = 1.64�ܸ݇/ܿ݉ in both approaches. Gain spectrum and current density profile is presented in Fig. 4.

Figure 4. a) Gain versus frequency at lasing threshold point - the graph shows that lasing emission is expected around 2.06
THz. b) Current density versus bias. DM results are colored blue, while RE are colored red. The green dashed line
represents the RE simulation under same condition as in the DM model and this clearly illustrates the need for different
fitting procedure then in DM.

Current-voltage (I-V) characteristic of the device is obtained from Fig. 4b) by scaling the results with corresponding device
dimensions and this is illustrated in Fig. 5.



Figure 5. a) I-V characteristic from RE model. b) I-V characteristic from DM model along with normalized L-I
characteristic depicting the dynamic range. Contact resistance of 2.15 Ω is used in both approaches. 

The result in Fig. 5 shows the greatest advantage of DM model which provides smooth results that
compare very well with the experimental data and shows good promise for RRE model input. The main
shortcoming of DM (and RE) model is the inability to model continuous wave operation of QCL. At the
moment, both models assume that lattice temperature equals to the cold finger temperature which is only
true for pulsed operation at low temperatures. Since IFR parameters do not depend on temperature we can
observe DM results under higher cold finger temperatures and compare dynamic ranges with the
experimental ones. This is illustrated in Fig. 6.

Figure 6. L-I characteristics for different cold finger temperatures. Full lines represent simulation result,
while dashed lines represent the experimental measurement. Scaling was performed so peak ratio is consistent
in both results.

Figure 6 provides comparison of L-I data for different temperatures. We can notice that the model gives
similar dynamic ranges at 20, 30 and 40 K, and that the sharp drop of peak power is only noticeable at
higher temperatures. Such behavior is related to exponential drop of the upper lasing level state lifetime
with temperature in BTC structures [13] which becomes significant in the similar temperature range as in
Fig. 6. It can also be noted that at higher temperatures the relative rate of theoretical power peaks match the
experimental ones. The main reason for the mismatch of theoretical and experimental threshold current may
be attributed to the lack of full thermal model within these calculations, which assume that heat sink
temperature equals the lattice temperature in the device.

The overheating is certainly larger in CW operation, and the sensitivity of the gain on temperature is
larger at higher temperatures, implying that the discrepancy between theoretical and experimental results
will then be larger as well. Interestingly, dynamic range at cold finger temperature of 20K for CW operation
is 0.971-1.1 A which matches the case of 53K in Fig 6 and this gives an idea about the overheating.



4. Mutual benefits for the Home and Host institutions

Collaboration with the host institution, School of Information Technology and Electrical Engineering, University of
Queensland, Brisbane, Australia was very useful and stimulating. DM model shows great promise for future improvements
of RRE model. RRE model needs input that depends on the applied bias and temperature. As illustrated, temperature effects
in DM model still do not match experimental results and further development of this model will be benefit both institutions
in the future.
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11 May 2017 
 
 
To: BM1205 COST Action Chair and STSM Coordinator, 
 
Dear Colleagues, 
 
It is a pleasure to confirm that the School of Information Technology and Electrical Engineering within the 
University of Queensland, Brisbane hosted research visit of Mr Aleksandar Demic, from School of Electronic 
and Electrical Engineering, University of Leeds, UK.  Aleksandar has successfully carried out research 
described in his BM1205 Short Term Scientific Mission (STSM) application. The focus of the research was in 
the field of laser feedback interferometry for imaging and material identification.  In particular, as described in 
his STSM application, Aleksandar has been working on modelling the electron transport in terahertz (THz) 
quantum-cascade lasers, which will be used as an integrated source and detector in the imaging systems 
based on self-mixing effect. He has been collaborating with our Photonics and Microwave Engineering 
research group.  This group has pioneered the development of several world’s first laser-feedback 
interferometric sensors, including systems based on monolithic vertical-cavity surface-emitting laser arrays, 
blue-green lasers, terahertz quantum cascade lasers, and mid-infrared interband cascade lasers. The current 
focus of the group is on the development of sensing and imaging systems that exploit the THz spectrum for 
applications in vivo biomedical imaging.  
We are confident that realized research activity is mutually beneficial for both Brisbane and Leeds research 
teams, would produce more joint publications, contribute strongly to results and impact of Aleksandar’s PhD 
project and further strengthen research collaboration between our institutions.  
 
 
Yours sincerely, 
 

 
 
Professor Aleksandar Rakic 
School Information Technology and Electrical Engineering 
The University of Queensland, Brisbane, Australia 


